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Abstract. Let D be an integral domain and X an indeterminate over D. It 
is well known that (a) D is quasi-Priifer (i.e, its integral closure is a Priifer 
domain) if and only if each upper to zero Q in D[X] contains a polynomial 
g G ^[^] with content c.£){g) = D; (b) an upper to zero Q in i^f^] is a 
maximal t-ideal if and only if Q contains a nonzero polynomial g € ^[^] 
with C]j{g)^ = D. Using these facts, the notions of UMt-domain (i.e., an 
integral domain such that each upper to zero is a maximal t-ideal) and quasi- 
Prtifer domain can be naturally extended to the semistar operation setting and 
studied in a unified frame. In this paper, given a semistar operation * in the 
sense of Okabe-Matsuda, we introduce the it-quasi-Priifer domains. We give 
several characterizations of these domains and we investigate their relations 
with the UMt-domains and the Priifer i;-multiplication domains. 



Gilmer and Hoffmann characterized Priifer domains as those integrally closed 
domains D, such that the extension of D inside its quotient field is a primitive 
extension [251 Theorem 2] . (Relevant definitions and results are reviewed in the se- 
quel.) Primitive extensions are strictly related with relevant properties of the prime 
spectrum of the polynomial ring. In particular, from the previous characterization 
it follows that a Priifer domain is an integrally closed quasi-Priifer domain (i.e., an 
integral domain such that each prime ideal of the polynomial ring contained in an 
extended prime is extended [5]) [19|, Section 6.5]. A quasi-Priifer domain D can be 
characterized by the fact that each upper to zero Q in -D[X] contains a polynomial 
g G D[X] with content co{g) = D (Theorem II. ip . On the other hand, a "weaker" 
version of the last property can be used for characterizing upper to zero that are 
maximal i-ideals in the polynomial ring. Recall that D is called a UMt-domain 
(UMt means "upper to zero is a maximal t-ideal") if every upper to zero in D[X] is 
a maximal t-ideal |421 Section 3] and this happens if and only if each upper to zero 
in D[X] contains a nonzero polynomial g G D[X] with cuig)" = D [51] Theorem 
1.1]. Using the previous observations, the notions of UMt-domain and quasi-Priifer 
domain can be naturally extended to the semistar operation setting and studied 
in a unified frame. More precisely, given a semistar operation ★ in the sense of 
Okabe-Matsuda [52], we introduce in a natural way the ★-quasi-Priifer domains 
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and semistar analog of other relevant notions like primitive extension and inconi- 
parability (INC) property . We give several characterizations of the *-quasi-Prufer 
domains and we investigate their relations with the UMt-domains and the Priifer 
i;-multiplication domains |30| . 

More precisely, let ★ be a semistar operation on an integral domain D with 
quotient field K . Among other things, we prove that D is a 7k^.-quasi-Priifer domain 
if and only if Z? C K is a *^-primitive extension, if and only if Z? is a *^-INC-domain, 
if and only if each overring i? of Z? is a (7k-j:)t-quasi-Priifer domain, where l : D ^ R 
is the canonical embedding, if and only if every prime ideal of Na(Z3, Tk-y) is extended 
from Z), if and only if Na(Z), *^.) is a quasi-Priifer domain, if and only if the integral 
closure of Na(Z),*^. ) is a Priifer domain, if and only if Dp is a quasi-Priifer domain, 
for each quasi-*^ -maximal ideal P of D. Moreover, we show that if * is a (semi)star 
operation, then Z) is a -quasi-Priifer domain if and only if Z3 is a t-quasi-Priifer 
domain and each Tk^, -maximal ideal of Z) is a t-ideal (equivalently, Tk^^ = w). 

We also show that this general approach sheds new light on some delicate aspects 
of the classical theories. In particular, we give a contribution to the open problem 
of whether the integral closure of a UMt-domain is a PwMD by showing that Z? is a 
UMt-domain if and only if the w-closure Z) of Z) is a PwMD and the w-operations 
on D and D are related by {1x10)7 = "u^fji where T : D ^ D is the canonical 
embedding. Moreover, among other results, we provide a positive answer to a 
ZafruUah's conjecture on the local-global behaviour of the l]Mt domains [62l page 
452]. 

Let D be an integral domain with quotient field K. Let F{D) denote the set of 
all nonzero Z)-submodules of K and let F{D) be the set of all nonzero fractional 
ideals of D, i.e. E e F{D) ii E & F{D) and there exists a nonzero d G D with 
dE C D. Let f{D) be the set of all nonzero finitely generated ZJ-submodules of 
K. Then, obviously f{D) C F{D) C F(Z?). 

Following Okabe-Matsuda 52J, a semistar operation on Z? is a map * : F{D) 
'F{D),E ^^ E*, such that, for all x e K, x 0, and for aU E,F £ F{D), the 
following properties hold: 

(★1) (xE)* ^xE*: 

1*2) E CF implies E* CF*; 

(★3) E CE* and E** := (E*)* ^ E*. 

Recall that, given a semistar operation ★ on Z), for all E,F £ F{D), the following 
basic formulas follow easily from the axioms: 

{EFY = {E*Fy = {EF* f = {E*F*)* ; 
{E + Ff = [E* + Ff ^{E + F*)* = {E* + F*)* ; 
{E : F)* C {E* : F*) = {E* : F) = {E* : F)* , if (E : F) ^ 0; 

{E n F)* cE*nF*^ (E* n f*)* , if z; n f ^ (o) ; 

cf. for instance 18, Theorem 1.2 and p. 174]. 

A (semi)star operation is a semistar operation that, restricted to F{D), is a 
star operation (in the sense of [27l Section 32]). It is easy to see that a semistar 
operation * on D is a (semi) star operation if and only if D* = D. 

If ★ is a semistar operation on D, then we can consider a map : F{D) F{D) 
defined, for each E G F{D), as follows: 

E*f := U{^* I F e fiD) and F C E}. 
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It is easy to see that is a semistar operation on D, called the semistar operation 
of finite type associated to Note that, for each F G f{D), F* — F*f . A semistar 
operation * is called a semistar operation of finite type if * = ★j:. It is easy to see 
that {■kj)j = -kj (that is, -kj is of finite type). 

If and ^2 are two semistar operations on D, we say that *i < *2 if E*^ C iJ*^, 
for each E e 'F{D). This is equivalent to say that {E^^ f = E*^ = {E*^y\ for 
each E e F{D). Obviously, for each semistar operation -k defined on D, we have 
*/ < Let d^) (or, simply, d) be the identity (semi)star operation on D, clearly 
d < for all semistar operation ★ on D. 

We say that a nonzero ideal / of is a quasi-k-ideal if /* n I? = /, a quasi-k- 
prime if it is a prime quasi-*-ideal, and a quasi-k -maximal if it is maximal in the set 
of all proper quasi-ik-ideals. A quasi-*-maximal ideal is a prime ideal. It is possible 
to prove that each proper quasi-*^ -ideal is contained in a quasi-*^ -maximal ideal. 
More details can be found in HH page 4781]. We will denote by QMax^(i:)) (resp., 
QSpec*(Z3)) the set of the quasi-7k-maximal ideals (resp., quasi-*-prime ideals) of 
D. When ★ is a (semi) star operation the notion of quasi-*-ideal coincides with the 
"classical" notion of k-ideal (i.e., a nonzero ideal / such that I* = I). 

The *-dimension of D, denoted by dim*(£'), is defined by the supremum of 
{n \ Pi C P2 C ■ ■ ■ C Pn is a. chain of quasi-*-prime ideals of D}. Thus, when ★ is 
a semistar operation of finite type and D is not a field, dim*(£') = 1 if and only if 
each quasi-*-maximal ideal of D has height-one. 

If A is a set of prime ideals of an integral domain D, then the semistar operation 
*A defined on D as follows 

E*^ := f]{EDp I P e A} , for each E € F(D) , 
is called the spectral semistar operation associated to A. A semistar operation * of 
an integral domain D is called a spectral semistar operation if there exists a subset 
A of the prime spectrum of D, Spec(£'), such that * = *a . 

When A := QMax*/ (£»), we set ★ ★a, i-e. 

E* fl {EDp I P E QMax*/ (D)}, for each E e F{D). 

A semistar operation ★ is stable if {E n F)* = E* OF*, for each E,F e F{D). 
Spectral semistar operations are stable [HI Lemma 4.1 (3)]. In particular, ★ is a 
semistar operation stable and of finite type [HI Corollary 3.9]. 

By vd (or, simply, by v) we denote the u-(semi)star operation defined as usual 
by E" := [D : {D : E)), for each E e F{D). By to (or, simply, by t) we denote 
{vD)f the i~(semi)star operation on D and hy wu (or just by w) the stable semistar 
operation of finite type associated tovn (or, equivalently, to t^), considered by F.G. 
Wang and R.L. McCasland in [5D] (cf. also [IS]); i-e-j wd '■= vd = to- Clearly 
wd < trt < Vd- Moreover, it is easy to see that for each (semi)star operation ★ of 
£), we have k <vd and k^ < to (cf. also [27l Theorem 34.1 (4)]). 

If / e F{D), we say that / is -k-finite if there exists J G f{D) such that J* — P. 
It is immediate to see that if < *2 are semistar operations and / is ★i-finite, 
then / is ★2~fiiiite. In particular, if / is -finite, then it is ★-finite. The converse 
is not true and it is possible to prove that / is ★^-finite if and only if there exists 
J e f{D), J CI, such that J* = /* f25l Lemma 2.3]. 

If / is a nonzero ideal of D, we say that / is k-invertible if (//^^)* — D* . From 
the definitions and from the fact that QMax*/ (Z?) = QMax*(L') [24, CoroUary 
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3.5(2)] it follows easily that an ideal / is 5— invertible if and only if / is Tk^-invertible. 
If / is Tk-^^-invertible, then / and I^^ are Tk^, -finite ^51 Proposition 2.6]. 

Let R be an overring of an integral domain D, let i : D ^ R he the canonical 
embedding and let ★ be a semistar operation of D. We denote by the semistar 
operation of R defined by E*^ := E*, for each E e F{R) (C F{D)). Let * be 
a semistar operation of R and let *' be the semistar operation on D defined by 
E*'' := (ER)*, for each E e F{D). It is not diflicuh to see that {^'^ = (*^)' and 
if ★ is a semistar operation of finite type (resp., a stable semistar operation) of D 
then is a semistar operation of finite type (resp., a stable semistar operation) of 
R (cf. for instance [23i Proposition 2.8] and [55l Propositions 2.11 and 2.13]). 

1. QUASI-PRUFER DOMAINS 

Let D he an integral domain with quotient field K, and let X be a nonempty set 
of indeterminates over K. For each polynomial / e ^[X], we denote by coif) (or, 
simply, c(/)) the content on D of the polynomial j , i.e., the (fractional) ideal of D 
generated by the coefficients of /. For each fractional ideal J of £'[-X'], with J C 
iC[X], we denote by C]j{J) (or, simply, c(J)) the (fractional) ideal {c£){f) \ f £ J} 
of D. Obviously, for each ideal J in D[X], JDD C cd{J) and (J C^ D)[X] Q J Q 
Cd{J)[X]. 

Taking the properties of prime ideals in polynomial extensions of Priifer domains 
as a starting point, the quasi-Priifer notion was introduced in jSj for arbitrary rings 
(not necessarily domains). As in [19' page 212], we say that Z? is a quasi-Priifer 
domain if for each prime ideal P oi D, if Q is a prime ideal of D[X] with Q C P[X], 
then Q — {Qn D)[X]. It is well known that an integral domain is a Priifer domain 
if and only if it is integrally closed and quasi-Priifer [371 Theorem 19.15]. 

Consider now the following condition: 

(qP') if Q is a prime ideal of D[X] with cd{Q) C D, then Q = {Q D)[X]. 

It is clear that D satisfies (qP') if and only if 13 is a quasi-Priifer domain. 
Therefore, an integrally closed domain £) is a Priifer domain if and only if D 
satisfies (qP')- 

Let D C i? be an extension of integral domains, and let P be a prime ideal 
of D. We say that D C R satisfies INC at P if whenever Qi and Q2 are prime 
ideals of R such that Qi O D — P — Q2 f) D, then Qi and Q2 are incomparable. If 
D C R satisfies INC at every prime ideal oi D, D C R is said an INC-extension. 
The domain D is an INC-domain if, for each overring i? of Z3, D C i? is an INC- 
extension. 

An element u G R will be said to be primitive over £) if u is a root of a primitive 
polynomial on D (i.e., a nonzero polynomial / € D[X] with cjy{f) = D). The 
extension 13 C i? is called a primitive extension (or, a P-extension [28]) if each 
element of R is primitive over D. 

A nonzero prime ideal Q in the polynomial ring -D[A'] is called an upper to zero 
(McAdam's terminology) if Q n £> = (0). Let P g n L», if Q = P[X] then Q is 
called an extended prime of £^[A^] (more details can be found in [39 ). 

Recall that Gilmer and Hoffmann characterized Priifer domains as those inte- 
grally closed domains D, such that the embedding of D inside its quotient field is a 
P-extension [28l Theorem 2], and that D. Dobbs in [10] characterized P-extensions 
in terms of INC-domains. The natural link between quasi-Priifer domains and 
primitive extensions is recalled in the following theorem, where we collect several 
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useful characterizations of quasi-Priifer domains (cf. also the very recent survey 
paper by E. Houston [5^). 

Theorem 1.1. Let D he an integral domain with quotient field K , let X he an 
indeterminate over D and let J\f :— {g £ D[X] \ CD{g) — D} be the set of primitive 
polynomials over D. Then the following statements are equivalent. 

(1) D is a quasi-Priifer domain. 

(!') D satisfies (qP'j for one indeterminate. 

(2) Each upper to zero in D[X] contains a polynomial g £ -D[^] with C£i{g) = 
D. 

(3) If Q is an upper to zero in D[X], then co{Q) = D. 

(4) D Q K is a primitive extension. 

(5) D is an INC-domain. 

(6) The integral closure of D is a Priifer domain. 

(7) Each overring of D is a quasi-Priifer domain. 

(8) Each prime ideal of D[X]^ is extended from D. 

(9) D[X]_\f is a quasi-Priifer domain. 

(10) The integral closure of D[X]_\f is a Priifer domain. 

(11) Dm is a quasi-Priifer domain, for each maximal ideal M of D. 

Proof (l)^(4)<^(5)o(6)<^^(7) and (9)^(10) by [HI Corollary 6.5.14]. Moreover, 
(3)<^(6) by [1 Theorem 2.7] 

(2)o(3), (l)-^(ll) and (l)^(l') are clear. 

(1') ^(3) If Q is an upper to zero, then Q {Q n D)[X], and thus, by (1'), 

CDiQ)=D. _ _ 

(6)<^(10) Let D be the integral closure of D, and let 77 := {h e D[X] \ c^{h) ^ 
D}. Then it is clear that D[X]_^f = D[X]jj'. Moreover, £'[X]jv' coincides with the 
integral closure of D[X]j^ T, Chapter 5, Proposition 5.12 and Exercise 9]. Finally, 
recall that Z3 is a Priifer domain if and only if D[X]ji' is a Priifer domain [271 
Theorem 33.4]. 

(1') =>(8) Let £} be a prime ideal of D[X]j^. Then £2 — QD[X]j^ for some prime 
ideal Q of D[X]. Since £2 C D[Xy, Q n A/" = 0; hence c(Q) C D. So, by (1'), 

g = (Q n D)[x]. Thus £3 = (Q n D)D[x]^r. 

(8)^ (1') Let Q be prime ideal of D[X] such that c(Q) C D. Then g n TV 
and thus QD[X]^f is a prime ideal of D[X]j^. Therefore, by (8), {Q H D)D[X]f^ = 
Qi:'[X]A/', and hence Q = (Qni:')[X]. □ 

In view of the extensions to the case of semistar operations, we introduce the 
following notation. Let ★ be a semistar operation on D, if JV* :~ {g £ D[X] \ 
g 7^ and coig)* = D*}, then we set Na(£',*) := D[X]j^* . The ring of rational 
functions Na(Z?,*) is called the ^-Nagata domain of D. When ~ d the identity 
(semi)star operation on D, Af'^ = M (the multiplicative set of D[X] introduced 
in Theorem II. ip and we set simply Na(il') instead of Na(D,(i) — D[X]js/. Note 
that Na(Z?) coincides with the classical Nagata domain D{X) (cf. for instance [53l 
Chapter I, §6 page 18] and [27! Section 33]). 

Recall from 24, Propositions 3.1 and 3.4] that: 

(a) N* ^ JV*f ^ J\f* ^ D[X] \ [j{P[X] I P e QMax*/(D)} is a saturated 
multiplicatively closed subset of I?[X]. 

(b) Na(Z3,*) = Na(D,*^.) = Na(i:),?) = f]{Dp{X) \ P e QMax"^/ (£>)}. 

(c) QMax*/ (D) = {MnD\M & Max(Na(£', ★))} . 
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(d) = E-Na{D,-k) n K, for each E e F{D). 

Remark 1.2. (a) It is well known that an upper to zero Q in D[X] is a maximal 
t-ideal if and only if Q contains a nonzero polynomial g G D[X] with cnigY (= 
(^oigY) — D i42j Theorem 1.4]. Recall that D is called a UMt-domain if every 
upper to zero in D[X] is a maximal t-ideal 42j Section 3]. An overring i? of Z) is 
called t-linked to D if, for each nonzero finitely generated ideal / of 13, {D : I) = D 
implies {R : IR) — R (cf. for instance [TT] and [H]). Recall that UM<-domains can 
be characterized by weaker [t-) versions of some of the statements of Theorem 1 
since the following statements are equivalent: 

(It) D is a UMt-domain. 

{2t) Each upper to zero in D[X] contains a nonzero polynomial g G with 

cnigY = CDig)" ^D. 
(3t) If Q is an upper to zero in D[X], then Cd{QY = ^• 
(7t) Each t-linked overring to D is a UMt-domain. 
(8t) Each prime ideal of Na{D,t) is extended from D. 
(lit) Dp is a quasi-Priifer domain, for each maximal t-ideal P of D. 
For the proof see HH Theorem 1.1] and [3 Theorem 2.6 (1)<^(8)]. 

(b) Note that if P C Q are two primes ideals in a UMi-domain with P ^ (0) 
and if Q is a prime i-ideal then P is also a prime t-ideal [211 Corollary 1.6]. 

(c) With the notation introduced just before this remark, one of the arguments 
in the proof of (6)4^(10) in Theorem 11.11 shows that, for any integral domain Z3, 
the integral closure of Na(I3) is Na(Z3). 

(d) Recall that an integral domain D is called a Priifer v -multiplication domain 
(for short, PvMD ) if each nonzero finitely generated ideal of D is t-invertible or, 
equivalently, if [FF^^Y — D, for each F £ f{D) [3D]. It is known that a domain D 
is an integrally closed domain and a UMt-domain if and and only if D is a PwMD 
[1^ Proposition 3.2]. But M. ZafruUah [SH page 452] mentioned a problem that 
seems to be still open: is the integral closure of a UMt-domain a PvMD? We will 
give some contributions to this problem in the following Corollaries 12.171 and 12.181 

A related question is the following: if the integral closure D of an integral domain 
D is a PvMD what can be said about the UM t-ness of D? An answer to this 
question was recently given by Chang and ZafruUah [Tj Remark 2.7] where they 
provide an example of a non-UMt domain with the integral closure which is a 
PvMD. 

Using the notion of UMt-domain (recalled in the previous remark) we have fur- 
ther characterizations of a quasi-Priifer domain (cf. Theorem II .ip . 

Corollary 1.3. The following statements are equivalent for an integral domain D. 
(1) D is a quasi-Priifer domain. 

(12) Each overring of D is a UMt-domain. 

(13) D is a UMt-domain and each maximal ideal of D is a t-ideal. 

(14) D is a UMt-domain and d — w. 

In particular, in a quasi-Priifer domain every nonzero prime ideal is a t-ideal. 

Proof (1)^(12) by [2L Corollary 3.11] and TheoremO ((1)^(6)). 

(1)=^>(13) If Q is an upper to zero in -D[X], then Q contains a nonzero polynomial 
g e D[X] with coig) = D (TheoremO((l)^(2))). Clearly coigY = D, and thus 
D is a UMt-domain (Remark 11.21 (a) or [42l Theorem 1.4]). Let M be a maximal 
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ideal of D. If Af* = £>, there is a polynomial ^ h e M[X] such that c_d(/i)' ^ D. 
It is easy to see that hD[X]M[x] CiD — (0). In this situation, there exists an upper 
to zero Q' in D[X] such that hD[X] C Q' C M[X] Lemma 1.1 (b)]. Hence Q' 
(and thus M[X]) contains a nonzero polynomial g' with C]j{g') = D hy Theorem ll.il 
((1)=^(2)), thus D[X] ^ CDig')D[X] C M[X], a contradiction. Therefore M* C D, 
hence M is a f-ideal. 

(13)=>(1) Let Q be an upper to zero in Since we are assuming that D is 

a UMt-domain, then Q is a maximal i- ideal of and hence Q contains a poly- 

nomial =/= g £ D[X] with CD{gY — CD{gY = D [421 Theorem 1.4]. Furthermore, 
by assumption, if M is a maximal ideal of Z), then cjy{g) ^ M since M is a i-ideal. 
Hence coig) ~ D, and thus Z? is a quasi-Priifer domain by Theorcm ll.il ff2)^(l)). 

(13) =>(14) Note that from (13) it follows easily that Ma,x{D) = Max*(L»). Thus 
d = d = t = w. 

(14) =>(13) Under the present assumption Max(£') — Max"'(£') and it is known 
that Max"'(D) = Max{D) (cf. for instance [241 Corollary 3.5 (2)]). 

The last statement is an easy consequence of the fact that a quasi-Priifer domain 
is a UMi-domain and of Remark 11.21 (b) . □ 

Remark 1.4. (a) From the previous Corollary 11.31 ((1)<^4>(13)), we easily deduce 
that the condition (11*) in Remak [L2l (a), that characterizes the UMt-domains, is 
equivalent to the following: 

(llj) Dp is a UMtop-domain and PDp is a maximal t^p -ideal of Dp, for each 
maximal to -ideal P of D. 

(Cf. also [m Theorem 1.5] and [39l Theorem 3.13].) This result provides a positive 
answer to the following Zafrullah's conjecture [S^l page 452]: an integral domain 
D is a UMtp)- domain if and only if Dm is a UMIdm 'domain, for each maximal 
ideal M of D, and D is well behaved (i.e., a domain such that prime t-ideals of the 
domain extend to prime t-ideals in the rings of fractions of D). 

As a matter of fact, the "only if part" , on which was based the conjecture, was 
already proved in Propositions 1.2 and 1.4]; the "if part" follows from the 
equivalence of (llj) with (Ij) of Remark ll.2l (a). 

(b) Note that the condition (12) in the previous CoroUarv 11.31 can be stated in 
the following equivalent form: 

(12') D is a UMt-domain and each overring of D is t-linked to D. 

(Cf. [H Theorem 2.4].) 

(c) In relation with (14) of CoroUarv 11.31 we recall that the domains for which 
d = w were introduced and studied in [49| under the name of DW-domains (cf. 
also [55] for further information on these domains). A DW-domain D can be 
characterized by the property that each overring i? of _D is t-linked to D (cf. [T3l 
Theorem 2.6], [12] and [13 Proposition 2.2]). 

Corollary 1.5. Let D be a quasi-Priifer domain. Then dim(D) = dim'"(D) = 
dim'(i:>) = dim(Na(D)). 



Proof. This follows because, in the present situation, d = w, every nonzero prime 
ideal of D is a i-ideal (Corollary II. 3p and each prime ideal of Na(D) is extended 
from D by Theorcm[rT] ((1)^(8)). □ 
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Remark 1.6. Note that even in the Priifer domain case, it might happen that 
dim(i)) (= dim*(L))) > dim"(Z)). For instance take a nondiscrete valuation domain. 
In this case, the maximal ideal is not a u-ideal. 

2. *-QUASI-PRUFER DOMAINS AND UPPERS TO ZERO 

Let * be a semistar operation on an integral domain D. We want to introduce a 
semistar analog to the notion of quasi-Priifer domain and to the related notion of 
UMi-domain. 

We say that an integral domain Z? is a -k- quasi- Priifer domain if the following 
property holds: 

(★qP) if Q is a prime ideal in D[X] and Q C for some P G QSpec*(-D), 

then Q = {QnD)[X]. 
It is clear from the definition that the d-quasi-Priifer domains are exactly the 
quasi-Priifer domains. 

Lemma 2.1. Let-k be a semistar operation on an integral domain D. The following 
statements are equivalent: 

(i) D is a -k- quasi- Priifer domain. 

(ii) Let Q be an upper to zero in D[X], then C]j{Q) ^ Pj for each P G 
QSpec*(D). 

(iii) Let Q be an upper to zero in D[X], then Q % P[X], for each P e QSpec*(-D). 

(iv) Dp is a quasi-Priifer domain, for each P G QSpec*(Z?). 

Proof. (i)=>(iii) follows immediately from the definition. 

(iii) =^>(ii) If Q is an upper to zero then by assumption Q ^ P[X], for all P G 
QSpec*(D). Then c(Q) ^ P, for each P G QSpec*(i:>), since Q C cd{Q)[X]. 

(ii)^(i) Assume that Q is a prime ideal in D[X] such that {Q fl D)[X] C Q C 
P[X], for some P G QMax*(D). Then we can find an upper to zero Qi in D[X] 
such that Qi C Q [91 Theorem A]. Thus coiQi) C coiQ) C P, for some P G 
QSpec*(P'), and this contradicts the present hypothesis. 

(i)^(iv) Let P G QSpec*(P'). In order to show that Dp is a quasi-Priifer domain, 
we prove the condition (1') of Theorem 11.11 If Q is a prime ideal of Dp[X] with 
CDp(Q) C Dp, then C£,^(g) C PDp, and hence Q C PDp[X]. So Q n D[X] C 
P[X], and by (i) we have Qni:>[X] = {QnD)[X]. Hence Q = {QnDp)[X]. Thus 
Dp is a quasi-Priifer domain. 

(iv) ^(i) Let Q be a prime ideal of D[X] such that Q C P[X] for some P G 
QSpec*{D). Then QDp[X] C PDp[X], and hence QDp[X] = iQDp[X] n Dp)[X] 
by (iv). Thus Q = {QDp[X] n Dp)[X] n D[X] = {Q n D)[X]. □ 

Since a quasi-*-ideal is also a quasi-*^.-ideal, it is clear that ★^-quasi-Priifer implies 
★-quasi-Priifer. Recall that every quasi-*^ -ideal is contained in a quasi-*^ -maximal 
ideal and each quasi-*^ -maximal ideal is a prime ideal [241 Lemma 2.3]. Therefore, 
the set QSpec*/(i?) is always nonempty. On the other hand QSpec*(iD) can be 
empty and in this case the notion of *-quasi-Priifer domain can be very weak. 

Note also that, when ★ is a semistar operation of finite type, in the condition 
(★qP) and in the properties (ii), (iii), and (iv) of the previous Lemma |2. II we can 
replace QSpec*(_D) with QMax*(D), obtaining equivalent statements. 

Example 2.2. Example of a -k-quasi-Priifer domain whicli is not a kr^. -quasi-Priifer 
domain. 



UPPERS TO ZERO AND PRUFER-LIKE DOMAINS 



9 



Let W he a, 1-dimensional nondiscrete valuation domain with maximal ideal 
N and residue field k :— W/N. Let Z be an indeterminate over W. Passing 
to the Nagata's ring V := W{Z), it is wellknown that V is also a 1-dimensional 
nondiscrete valuation domain, with maximal ideal M := N{Z) and residue field 
k{Z) (cf. 27, Theorem 33.4] and gl Theorem 14.1 and Corollary 15.2]). Let 
TT : V V/N = k{Z) be the canonical projection and let D = TT~^{k). Clearly, D 
is an integrally closed 1-dimensional pseudo-valuation domain with maximal ideal 
M and with associated valuation overring V — {M : M) [331 Theorem 2.10]. Note 
that V has no divisorial primes, since M is not finitely generated '77, Exercise 
12, page 431] and that the i-operation on a valuation domain coincides with d the 
identity (semi)star operation. Let l : D ^ V he the canonical embedding and 
let ★ := (wy)' be the semistar operation on D defined by E* := {EVy^ , for each 
E G F{D). Note that -k is not of finite type and more precisely it is not difficult to 
see that: 

= {{wy)^ = {{vv);)'' = {tvT = {dvY [551 Proposition 2.13]. 

Therefore E*f = EV, for each E G F{D). In particular, M is a (quasi-)Tk^-maximal 
ideal of D. Note that D is not a ★j.-quasi-Priifer domain since, if X is an indeter- 
minate over D, dim(D[X]) = 3, because there exists an upper to zero Q in -D[X] 
contained in A/[X] 34, Theorem 2.5 and Remark 2.6]. On the other hand D is 
trivially a ★-quasi-Priifer domain since D does not possess quasi-*-prinie ideals, 
because M* = {MVy^ = M"^ = V. 

Because of the previous observations and Example l2.2l we consider with a special 
attention the case of ★^.-quasi-Priifer domains. 

Lemma 2.3. Let-k be a semistar operation on an integral domain D. The following 
statements are equivalent: 
(1^^ ) D is a -k^-quasi-PriiJer domain. 

{2i, ) Each upper to zero in D[X] contains a nonzero polynomial g G £'[^] with 
c{gy = D\ 

{i*^) If Q is an upper to zero in D[X], then c{Q) f — D* . 

Proof. (1*^) <^ follows from Lemma [2T] because the property Q % P\X\, for 
all P G QMax*/ (I?) is equivalent to Cj:,(fffs = D* (since each proper quasi-*^ -ideal 
is contained in a quasi-*^ -maximal). 
(3*^, ) (2^^ ) is obvious. 

(2^^) ^ (^*f) Q be a prime ideal in D[X] such that Q C P[X], for some 
P G QSpec*/ (D). Assume {Q n i5)[-'^] C Q. Then we can find an upper to zero Qi 
in D[X] such that Qi Q Q ^ Theorem A]. By assumption, there exists a nonzero 
polynomial g E Qi such that cu{g)* = D* , hence in particular CD{Qi)*f — D* and 
so cd{QP = D*. This implies that Q % P\X\ for all P G QSpec*/ (D) and this 
contradicts the assumption. □ 

Corollary 2.4. Let t^, *i and -k-i be semistar operations on an integral domain D. 

(a) Assume that *i < ★2- If D is a -ki- quasi- Priifer domain then D is a *2- 
quasi-Priifer domain. 

(b) D is a t- quasi- Priifer domain if and only if D is a UMt-domain. 

(c) D is a -k^- quasi- Priifer domain if and only if D is a -k- quasi- Priifer domain. 
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Proof, (a) and (b) follow easily from Lemma [^751 ((1-^^ ) (2*^ )) ^^^d from Remark 
[L2l (a). For (c) note also that coig)* D* if and only coig) % P for all P e 
QMax*/ (D) and that QMax*/ (D) = QMax*(i:») Lemma 2.3 (1) and Corollary 
3.5 (2)]. □ 

Remark 2.5. For * = w, we have observed in Corollarv 12.41 (b) that the t-quasi- 
Priifer domains coincide with the UMf-domains, i.e., the domains such that each 
upper to zero in -D[^] is a maximal t/^^j^j-ideal. There is no immediate extension 
to the semistar setting of the previous characterization, since in the general case 
we do not have the possibility to work at the same time with a semistar operation 
(like the i-operation) defined both on D and on 

At this point it is natural to formulate the following question. 
Question: Given a semistar operation of finite type ★ on D, is it possible to define 
in a canonical way a semistar operation of finite type *o[x] such that D is 

a ★-quasi-Priifer domain if and only if each upper to zero in -D[^] is a quasi-^^^j^j- 
maximal ideal ? El 

However, we want to mention that Okabe and Matsuda [SU Definition 2.10] 
introduced a star-operation analog of the notion of UMt-domain: given a star 
operation * on an integral domain D, they call D a *-UMT ring if each upper 
to zero contains a nonzero polynomial g G ^i-'^] with ci:i{g)* — D. This notion 
coincides with the notion of *^-quasi-Priifer domain introduced above in the more 
general setting of the semistar operations fLemma l2.3p . 

The next goal is to extend to the case of general ★j.-quasi-Priifer domains the 
characterizations given in Theorem ll.il For this purpose we need to extend some 
definitions to the semistar setting. 

Let D C _R be an extension of integral domains and let ★ be a semistar operation 
on D. We will say that i? is a -k-INC-extension of D if whenever Qi and Q2 are 
nonzero prime ideals of R such that QiDD = Q2nD and {Qi CiD)* C D* , then Qi 
and Q2 are incomparable. We also say that D is a -k-INC-domain if each overring of 
D is a ★-INC-extension of D. Moreover, we say that an element it £ i? is -k-primitive 
over Z? if M is a root of a nonzero polynomial g G -D[^] with C£i{g)* — D*. 

Note that the notion of d-primitive (respectively, d-INC) extension coincides with 
the "classical" notion of primitive (respectively, INC) extension. It is obvious that 
the notions of ★-primitive and ★^.-primitive coincide, while *j,-INC-extension implies 
★-INC-extension. The converse is not true as it will be shown in the following 
example. 

Example 2.6. Example of a -k-INC extension which is not a -k^.-INC extension. 

Let D, V, M and ★ be as in Example 1 2. 2 1 It is easy to see that D is not a *^-INC 
domain. For instance, if R := 7r~^(fc[Z]), then M is a prime ideal also in R and all 
the maximal ideals of R and the prime (non maximal) ideal M of R have the same 
trace in D, that is AI. Since M is a (quasi-)*^, -maximal ideal of 13, D ^ R is not 
a 7kj,-INC extension. On the other hand D is vacuously a t^-INC domain (the only 
nonzero prime of -D is M and M* D D = D). 



Added in Proofs: This problem was solved by the authors in case of a stable semistar operation 
of finite type. The corresponding paper "Uppers to zero and semistar operations in polynomial 
rings" is now published in Journal of Algebra 318 (2007) 484-493. 
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Lemma 2.7. Let D be an integral domain with quotient field K and let P he a 
prime ideal of D. For u K , D (~ D[u\ satisfies INC at P if and only if there 
exists ^ g E D[X] such that co{g) ^ P and g{u) — 0. 

Proof. Let / be the kernel of the canonical surjectivc homomorphim D[X] 
D[u], X ^ u. It is known that D C D[u\ = D[X]/I satisfies INC at P if 
and only if C£)(/) ^ P [Ml Proposition 2.0]. Suppose c_d(/) ^ P. Choose 
a £ cd{I) \ P. Since a G C£){I), then there exist a finite family of polyno- 
mials /i, . . . , /fc e / such that a £ coifi) + CD{f2) + • ■ ■ + coifk)- Let g := 
/i +X"i+i/2 +^"'+"'+^3 + ■ • • + where is the degree 

of fi- Then g E I, a E CD{g), and g{u) — 0. Since a ^ P, then C£){g) ^ P. 
Conversely, if g{u) — 0, then g E I, and hence C]j{g) ^ P implies C£){I) ^ P. □ 

Recall from Remark 11.21 (a) that an overring i? of D is called linked to D if for 
each nonzero finitely generated ideal I oi D, {D : I) = D implies {R : IR) = R. 

Remark 2.8. The notion of t-linked overring can be characterized in several ways. 
In particular, the following statements are equivalent [T^ Proposition 2.1]: 

(i) R is a t-linked overring to D. 

(ii) For each nonzero finitely generated ideal I of D, — D implies {IRY'^ — 
R. 

(iii) For each prime (or maximal) tj^-ideal Q of R, {Q n Z?)*° C D. 

In case that ★ is a semistar operation on D, we need the following (relativized) 
extension of the notion of t-linkedness. We say that an overring i? of is t-linked 
to {D,-k) if, for each nonzero finitely generated ideal / of D, I* = D* implies 
= i? [m Section 3]. Therefore the notion of "i? is t-hnked to {D,tDY 
coincides with the "classical" notion of "i? is i-linked to D" . 

We collect in the following lemma some characterizations of the i-linkedness in 
the semistar setting. 

Lemma 2.9. Let -k he a semistar operation on an integral domain D with quotient 
field K and let R be an overring of D. The following statements are equivalent: 
(i) R is a t-linked overring to (D,*). 
(i^) R is a t-linked overring to {D,-kj). 

(i) R is a t-linked overring to (D,*). 

(ii) For each nonzero ideal I of D, I*f = D* implies [IR)*'^ = R. 

(iii) For each prime (or maximal) tji-ideal Q of R, {Q n D)*i C D* . 

(iv) For each proper tji-ideal J of R, (J n D)*i C D* . 

(v) R = R* {= R-Na{D,*) D K). 

Proof. (i)<^(i^)<^(i) because, for a nonzero finitely generated ideal / of _D, /* = D* 

is equivalent to say that I %P, for aU P e QMax*/ (D) = QMax*(i:)). 

The equivalences (i)<^(ii)<^(iii)<^(iv) are consequences of [HI Proposition 3.2]. 

(iii)^(v) From the assumption it follows that, for each maximal t-ideal Q of i?, 
there exists a quasi-*^ -maximal ideal P oi D containing Q (1 D and thus Dp <Z 
Rd\p C Rq. Therefore R C R* = CllRDp \ P € QMax*/(D)} C f]{RQ \ Q e 
Max*«(i?)} R. 

(v)=>(iii) Let Q be a prime t-deal of R such that {Qr)D)*f — D* . Therefore there 
exists a nonzero finitely generated ideal / C Q^D such that I*i = D* . In particular, 
we have IR[X] n M*f ^ and so {IRf = /i?-Na(Z),*) r\ K ^ IR[X]j^*t n K = 
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-^[^Ia/-*/ r\K = R* ^ R. On the other hand IR C Q and so C g*« = Q. 

Moreover, if wc denote by t the canonical embedding of D into R, then * := is 
a (senii)star operation of finite type on R, since R = R* ~ R*. Therefore * < tji 
and so we get a contradiction, since R = {IR)* = (IR)* C (IR)*'^ C Q C R. □ 

Remark 2.10. Given a star operation * on D, the property (v) of Lemma [2.91 is 
used in [6l page 224] for giving the definition "i? is ^-hnked to Z?" (teminology used 
in that paper). That notion coincides with the notion of "R is t-Hnked to {D, *)" 
(terminology used here) (cf. ,6, Proposition 3.2]). 

Note also that, from the previous Lemma 12.91 we re-obtain in particular the 
equivalences stated in Remark 12.81 

As a consequence of the previous Lemma [2.9l we deduce immediately the following 
two corollaries. 

Corollary 2.11. Let R be an averring of an integral domain D with quotient field 
K . Then R is at-linked overring to D if and only if R — — R-Nsl{D, V]j)r\K). 

For the next statement we need to recall the notion of ★-valuation overring (a 
notion due essentially to P. Jaffard ([ISl page 46], see also [321 Chapters 15 and 18]). 
For a domain D and a semistar operation -k on D, we say that a valuation overring 
F of is a -k-valuation overring of D provided F* C FV, for each F e f{F>). 
Note that, by definition, the ^-valuation overrings coincide with the ★^-valuation 
overrings. Recall that the -k-closure of D, defined by: 

D''^ ■.^\J{{F*:F*)\Fef{D)} 

is an integrally closed overring of D and, more precisely, D'^^ = C\{V \ V is 
a ★-valuation overring of D}. Finally, recall that a valuation overring V oi D 
is a ★-valuation overring of D if and only if V is an overring of Dp, for some 
P G QMax*/ (D). For more details on this subject and for the proofs of the results 
recalled above, see [5T], [31], [52], [121 Proposition 3.2 and Corollary 3.6] and [231 
Theorem 3.9]. 

Corollary 2.12. Let -k be a semistar operation on an integral domain D and let V 
be a valuation overring of D. The following statements are equivalent: 

(i) V is a t-linked overring to (£),★). 

(ii) V^V*. 

(iii) V is a ^-valuation overring to D. 

Proof. Note that the i-operation on V coincides with the d-operation and so (ii)<^(iii) 
by [TBI Lemma 2.7]. The equivalence (i)<^(ii) is a particular case of Lemma [2.91 
(i)^(v). □ 

Remark 2.13. In relation with the previous corollary note that, given a semistar 
operation ★ on an integral domain D, it is known that each overring i? of D is 
<- linked to {D,-k) if and only if each valuation overring y of D is <- linked to (£*,★) 
(cf. [m Theorem 3.9] and [H Theorem 2.15]). 

Lemma 2.14. Let ★ 6e a semistar operation on an integral domain D. Then the 
following statements are equivalent. 

(i) D C K is a -k^ -primitive extension (or, a -k-primitive extension). 

(ii) D is a ★^^ -INC-domain. 
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(iii) Each t-linked averring to (-D,*) is a -Z/VC extension of D. 

(iv) For each quasi-k^ -prime (or quasi-k^. -maximal) ideal P of D, Dp <Z K is a 
primitive extension. 

(v) For each quasi-k^ -prime (or quasi-k^ -maximal) ideal P of D, Dp is an 
INC-domain. 

(vi) For each quasi-k^ -prime (or quasi-k^ -maximal) ideal P of D, Dp is a quasi- 
Priifer domain. 

Proof. (i)=>(iv) Let P be a nonzero quasi-*^ -prime ideal of D. By assumption, if 
u <E K , then there is a polynomial ^ g G D[X] such that CD{g)* = D* and 
g{u) ~ 0. Clearly g G Dp[X] and C£i{g) (/- P. So CDp{g) = CD{g)Dp = Dp, and 
thus u is primitive over Dp. 

(iv) =>(i) Let Q ^ u ^ K , and let / be the (nonzero) ideal of D generated 
by the polynomials / G D[X] such that f{u) = 0. If Cpi{I)*f — D* , there are 
nonzero polynomials /i, /2, ■ • • , /fc G ^[^] such that fi{u) — 0, for each i, and 
(coif i), coif 2), . . . , CD{fk)r = D*. Let g:=fi + X"i+i/2 + X"i+"^+2/3 + • ■ • + 
j^ni+n2H hiifc-i+fc-i where Ui is the degree of fi. Then, clearly, g{u) = and 
coig) = (cd(/i), C£)(/2), . . . , coifk)), thus cnig)* = D*. So u is ★-primitive over 
D. In order to conclude, it remains to show that c{I)*f — D* . Assume that, 
for each P G QMax*J'(D), Dp is a primitive extension, thus there is a polynomial 
Q ^ h & Dp[X] such that h{u) = and CDp{h) = Dp. Let 7^ s G D \ P with 
sh G D[X]. Then cp)[sh) ^ P (otherwise Dp = sDp = scp>p{h) = cp)p{sh) = 
cp){sh)Dp C PDp, a contradiction). Clearly sh G I and so cp){I) ^ P for all 
P G QMax*/(D). Therefore, cp,(/)*/ = D*. 

The equivalences (iv)o(v)<^(vi) follow from Theorem[TTT] ((1)^(4)<;=>(5)). 

(ii) ^(iii) is obvious. 

(iii) =^(v) Let P be a quasi-*^ -prime of D, let R be an overring of Dp, and let 
Qi and Q2 are prime ideals of R such that Qi Ci Dp = Q2 Ci Dp, we want to 
show that Qi and Q2 are incomparable. Let / be a nonzero finitely generated 
ideal of D with /* = D*. Note that I P, since P is a quasi-*j.-ideal, and hence 
Dp = IDp C IRC R, and so IR = R. Thus (/i?)*« = P and hence R is Minked 
to {D, -k). By assumption, P is a ^^ -INC extension of D and Qi n D = H D C P, 
with P*/ C D*f — D* , hence Qi and Q2 are incomparable. 

(v) =>(ii) Let R be an overring of D, and let Qi S Q2 be prime ideals of R 
such that (52 n D is contained a quasi-*^ -prime P of D. We want to show that 
Qi n D C Q2 n D. If we consider the extension Dp ^ P_d\p we have QiRd\p 
Q2Rd\p Q Rd\p and Dp is an INC-domain, by assumption. Hence QiRd\p ^ 
Dp C Q2Rd\p^Dp, and thus QiflD = QiRoypCiD C Q2Rd\p<^D = Q2nD. □ 

In Theorem ll.il we gave several characterizations of quasi-Priifer domains. The 
main goal of this section is to give a semistar analog characterization theorem for 
★^-quasi-Priifer domains, completing the work initiated in Lemma 12.11 We start 
with a lemma that extends to the semistar integral closure the semistar operation 
versions of the Cohen-Seidenberg properties GU, INC and LO [371 page 28]. (See 
[HI Corollary 4.2], [71 Corollary 1.4], or [SSI Theorem 3.3] for the star operation 
versions.) 

Lemma 2.15. Let* be a semistar operation on an integral domain D with quotient 
field K. Let D he the integral closure of D (in K). Set D :— (D)* , where * is the 
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stable semistar of finite type of D associated to and let l : D ^ D be the canonical 
embedding. Set * :— (*)r- 

(a) D coincides with thelr-closure of D (i.e., D = U{(^^ : F*) \ F & f{D)}). 

(b) The inclusion 7 : D ^ D verifies the properties i^-INC, -k-LO (i.e., for 
each quasi-k-prime ideal P of D there exists a * -prime of D such that 
Q n D — P), and -k-GU (i.e., if P ^ P' are quasi-k-prime ideals of D and 
if Q is a *-prime of D such that Q H D = P, then there exists a *-prime 
Q' of D such that Q' f) D ^ P' and Q C Q'). 

Proof, (a) It is known from [201 Example 2.1 (c.2)] and [24} Proposition 4.3] that 
(DY = Dcl* ^[j{{F* : F'^) \ F & f{D)}, which is an integrally closed overring of 
U (and D). 

(b) Let P be a quasi-*-prime ideal of D. Consider the prime ideal PD[X]j^t 
and the integral extension Z3[X]jy-* ^ D[X]j^i,. By lying-over, we can find a prime 
ideal £2 in 'D[X]j^~. such that £2 n D[X]j^i = PD[X]j^~.. Set g := £3 n I) C 
D[X]j^* r\K — {D)* = D. It is easy to see that Q is a prime ideal of D such that 
Q* = Q* = Q and Q D D = P. Similar arguments prove that T : D ^ D verifies 
★-INC and *-GU. □ 

A domain D is called a Prufer -k -multiplication domain (for short, P-kMD) if 
each nonzero finitely generated ideal is ik^. -invertible (cf. for instance [2U] and, for 
the case of the star operations, [ID]). When ★ = w we have the classical notion of 
PwMD (cf. for instance [3D], [5D] and [46J); when -k = d, where d is the identity 
(semi)star operation, we have the notion of Priifer domain [27l Theorem 22.1]. It is 
obvious that the notions of P*MD and P^^MD coincide and it is known that they 
also coincide with the notion of P*MD 20, Proposition 3.3]. Moreover, when ★ is a 
(semi)star operation then D is a Pt^MD if and only if D is a PuMD and ~ t (and 
so ? = = t = w) [20l Proposition 3.4]. Examples of PvMDs that are not P*MDs 
(for some (semi)star operation ★ on D) are given in [20., Example 3.4]. 

Theorem 2.16. Let -k be a semistar operation on an integral domain D with quo- 
tient field K. Let D be the integral closure of D (in K) Then the following state- 
ments are equivalent. 

(1^^) D is a -kj- quasi- Prufer domain. 
(4^, ) D G K is a -kj -primitive extension, 
i^i,^) D is a kc^-INC-domain. 

(6;f) Set D = (D)* and let T : D ^ D be the canonical embedding, then D is a 
P(i)~MD. 

(7* ) Each overring R of D is a (kj)^-quasi-Priifer domain, where i : D ^ R is 

the canonical embedding. 
(8*^) Every prime ideal o/ Na(I?, */) is extended from D. 
(9+^) Na(il',*j,) is a quasi-Priifer domain. 
(10^^) The integral closure of Na{D,-kj) is a Priifer domain. 

(11^^) Dp is a quasi-Priifer domain, for each quasi-k^ -maximal ideal (or, quasi- 
^ J. -prime ideal) P of D. 

Moreover, if we assume that-k is a (semi)star operation on D, then the previous 
conditions are also equivalent to the following: 
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(12*^) Each t-linked averring to {D,*^) is a t- quasi- Priifer domain (or a UMt- 

domain) and each -k^ -maximal ideal of D is a t-ideal. 
(13*^) D is a t- quasi- Priifer domain (or a UM t-domain) and each -maximal 

ideal of D is a t-ideal. 
(14^^) D is a t-quasi-Priifer domain (or a UMt-domain) and -k^ — w. 

Proof (U ) ^ (4*,) Let ^ u e /sT, and let (-.^X-u. Then Qi := eK[X]nD[X] 

is a prime ideal of D[X] (since i E K[X] is irreducible) and Qi is an upper to zero. 
So, by assumption, there is a / g G such that CD{g)* = D* . Note that g G 
Qi C £K[X], so g^lh for some h e K[X]. Hence g{u) = {(.h){u) = i{u)h{u) = 0, 
and thus u is ★-primitive over D. 

The equivalences (4^^ ) -^^ (5*^ ) <^ (11^^ ) are proven in Lemma [^.14l f(i)<^(ii)-^fvi)). 

(11*^) Let £ G D[X] be a nonzero polynomial of irreducible in 

K[X], and let Qi := £K[X] n D[X]. Note that Qi is a prime ideal of D[X], Qi 
is an upper to zero and all upper to zero in -D[X] are of this form [471 Theorem 
36]. It is easy to see that, for each quasi-*^. -maximal ideal P of D, the ideal 
Qi^P := eK[X] n Dp[X] is a prime ideal of Dp[X] such that Qi,p n Dp = (0) 
and Qe,p fl ~ Qi- Since Dp is quasi-Priifer, Qi,p contains a polynomial 

h G Dp[X] such that CDp{h) ^ PDp (Theorem O (1)=»(2)). Choose s € D\P 
with sh e D[X]. Note that sh e Qi^pr\D[X] = Qi and that scoih) = coish) ^ P, 
because cp)p{sh) ^ PDp. Since the last property holds for each quasi-*^ -maximal 
ideal P of Z), then cp){Qi)*f — D* . We conclude that 13 is a Tk-^, -quasi-Priifer domain 
by Lemma [2731 

(1*^) (^*/) Suppose that Z3 is a ★j, -quasi-Priifer domain, and let £3 be a 
prime ideal of Na(Z3,*). Then there is a prime ideal Q of D[X] such that £2 — 
QNaiD^i.) = QD[Xy. and so Q DAT* = Hi. Let P := Q n D. If P[X] C Q, 
pick q G (5\P[X], and let Qi be an upper to zero in D[X] such that g G Qi C Q [9l 
Theorem A]. Since Z3 is a ★j, -quasi-Priifer domain and Qi is an upper to zero, there 
is a nonzero polynomial g E Qi such that C£){g)* — D* , and hence g G N* n Q, a 
contradiction. So Q = -Pi-'^], and thus £J = PNa(£),*). 

(8*^) (l*j,) Suppose that D is not a -quasi-Priifer domain. By Lemma [2T3l 
((1*^) <^ then there is an upper to zero Q in D[X] such that Q CiM* — 0. 

Hence QD[X]j:/* = QNa{D,-k) is a proper prime ideal of Na(£',*). Note that 
QNa{D,-k) ^ PNa(I3,*) for all nonzero prime ideals P of D, since Q is an upper 
to zero. This fact contradicts the assumption (8^ ). 

(9*^) <^ (10^^.) follows from TheoremO ((1)^(6)). 

(9*^) ^^^*f'^ P be a quasi-*j, -maximal ideal of D. Then PNa(Z),*) is a 
maximal ideal of Na(P),*) O Proposition 1.3 (3)]. Hence Na(i:'p) = Dp[X]pDp[x] 
= {D[X]_\f*)po[x]^i, = Na(£',*)pNa(D,,t) (cf- also [SH Theorem 3.8]). Since we are 
assuming that Na,{D,-k) is quasi-Priifer, then Na(D, ★)pNa(D,*) = Na(-Dp) is quasi- 
Priifer and thus Dp is a quasi-Priifer domain (by Theorem ll.il ((9)^(1)). 

(11^^ ) =^ (g^^) Let Q G Max(Na(D,*)). We know that Q = PNa,{D,*), for some 
P G QMax*/(i5) and that Na(D,*)Q = Na{Dp) [H Proposition 1.3]. Therefore, 
if Dp is quasi-Priifer, then Na(Z3,*)Q = Na(Z3p) is quasi-Priifer (Theorem 11.11 
(1)^(9)). Thus Na(i:»,*) is quasi-Priifer (TheoremO (11)=^(1))- 

(1* ) ^ (7^ ) Let R be an overring to {D,* ) and, for simplicity of notation, set 
* := (*j)t. The property (7^,) holds if we show that Rq is a quasi-Priifer domain 
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for all Q G QMax*(i?), since we already proved that (1*^.) ^ Note that 

the prime ideal P Q n D is such that F C P*/ n £> C g*/ n £> {Q*} n 
i?) n D = {Q* r\ R) r\ D = Q n D = P. Since P is a quasi-Tk-^, -prime ideal of D 
and, by assumption, D is & *^-quasi-Priifer domain, then Dp is quasi-Priifer (by 
(1^^) ^ (11*^)). Therefore Rq , which is an overring of Dp, is also quasi-Priifer 

(TheoremO (1)^(7)). 
(7*^) ^ (1^^) is trivial. 

(Ij, ) (6;f) We already proved that (1^ ) is equivalent to (9* ). Therefore 
we can assume that Na(-D,*^) {— Na(-D,*) by [24, Corollary 3.7]) is a quasi- 
Priifer domain, i.e., the integral closure Na(Z?,*) of Na(£',*) in K{X) is a Priifer 
domain. Noj;e that Na(A^ = 'D[X]j^i., where M* = M*i = {g D[X] \ g ^ 
and cp){g)* = D*}. For the sake of simplicity, set * := Clearly * is a stable 
(semi)star operation of finite type on D. Moreover Na(D, *) = D[X]j^, where 
J\f := J\f* = {h e D[X] I 7^ and cg{h)* = D}. Since it is clear that Af* is also 
a multiplicative set in D[X] and that Af* C J\f, then Na(D,*) C Na(r',*) and so 
Na(i5,*) is a Priifer domain ^ Theorem 26.1]. By ^ Theorem 3.1 (i)o(iii)], 
this is equivalent to say that Z) is a P*MD. 

(6^) i^^*f) With the notation used in the proof of (1*^) =^ (6j), the present 
hypothesis is equivalent to assume that Na(D, *) is a Priifer domain. The conclusion 
will trivially follow if we show that Na(L',*) = Na(i5, *), i.e., D[X]j^i = D[X]j^. 

Note^that TV* = D[X] \ [j{P[X] \ P e QMaj^{D)}, M = b[X] \ [j{Q[X] \ Q e 
Ma,x*{D)}, and 'D[X]j^i C D[X]j^ . By Lemma ETTOl (b) the natural embedding 
T : D ^ D verifies ★-LO, ★-INC and ★-GU. It is not difficult to see that a prime 
ideal Q oi D belongs to Max* (5) if and only if Q n £> belongs to QMax*(i:)). 

As a matter of fact, let Q be a prime ideal in D. Assume that P :— Q Ci D E 
QMax*(L'). By i-LO we can assume that Q is a *-prime in D. Let M g Max*(D), 
such that M D Q. By i-INC we have M n D^ QnD = P. Therefore MnD C 

(M DD)* nD = {M* n n £» c {M* nD)r\D = (m* nD)nD = m nD 

and so we reach a contradiction (i.e., P is not in QMax*(Z3)). Conversely, let 
Q G Max*(Z?) and assume that P := Q D D C. P' , for some prime ideal P' of D 
such that P' = P'* nD e QMax*(D). By ?-GU, there exists a *-prime ideal Q' of 
D such that Q' f) D = Q and Q ^ Q' and this is a contradiction. 

From the fact that a prime ideal Q oi D belongs to Max* (D) if and only if Q n D 
belongs to QMax*(D), we deduce that the ideals of D[X] that are maximal with 
the property of being disjoints from A/"* are the ideals {{Qr\D)[X] \ Q G Max*(£')}. 
From this fact it follows easily that D[X]j^^ — D[X]j^ 

(13*^) <^ second part of condition (13*^) implies that Max*/ (D) = 

Max*{D) and so * = w. Conversely, if ★ = then Max*/ (Z?) = Ma,x*{D) = 
Max'"(D) = Max*(_D), and so each quasi-*j: -ideal maximal of Z? is a i-ideal. 

(li, ) (13*0 Under the present assumptions is a (semi)star operation of 
finite type on D, then *f < t (essentially by [27l Theorem 34.1 (4)]). Therefore if 
D is a Tkj, -quasi-Priifer domain then D is also a i-quasi-Priifer domain (Corollary 
12.41 (a)). Let P be a *^ -maximal ideal of D. Since we already proved that (1* ) 
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(11^,), then Dp is a quasi-Priifer domain. By Corollary 1 1.31 ((l)=>fl3)) PDp is a 
t-ideal in Dp and thus P = PDp n D is a t-ideal of D [46l Lemma 3.17]. 

(13*^.) (10*^,) Since each Tk^^-maximal ideal of Z? is a i-ideal, then necessarily 
Max*f{D) = Max*(D) and hence Af* = N*s = A/"* = A^^ Thus Na(D,7k-) = 
Na(D,t;) and Na(£',ti) has Priifer integral closure by [HI Theorem 2.5], since D is 
an UMi-domain {— t-quasi-Priifer domain). 

(1+ ) ^ (12^. ) Let i? be a t-linked overring to (D, -k ), then R — R* (Lemma [2Jl 
((i)=^(v))). Let L : D ^ R he the canonical embedding, then {-k)^ is a (semi)star 
operation of finite type on R. Since 13 is a 7k^. -quasi-Priifer domain or, equivalently, 
a ?-quasi-Priifer domain (Corollary 12.41 (c)) then, by (1^^) ('''*/)' ^ is a 
quasi-Priifer domain. Since in the present situation (*)^ < tj?, then R is also a 
tfl-quasi-Priifer domain. Moreoyer, we already proyed that (1*^) (-'^'^'^/) thns 
each -maximal ideal of 13 is a i-ideal. 

(12*^ (13*^) is trivial. □ 

Let ★ be a semistar operation on an integral domain D. Recall that a P*MD 
D can be characterized by the fact that Dp is a yaluation domain for each P € 
QMax*^ (D) [20l Theorem 3.1]. Thus, since a valuation domain is trivially quasi- 
Priifer, a P*MD is a ★^-quasi-Priifer domain by Theorem 12.161 ((1*^.) {^^*f))- 
This fact generalizes the well known property that a PwMD is a \JMt domain 
f Corollary 12.41 (b)). However, a P*MD need not be integrally closed (cf. [20l 
Example 3.10]), while being a PwMD is equivalent to being an integrally closed UMi 
domain [42, Proposition 3.2]. The next corollary gives an appropriate generalization 
of the previous result to the case of semistar operations. 

Corollary 2.17. [20l Theorem 3.2] Let -k be a semistar operation on an integral 
domain D with quotient field K . Then the following statements are equivalent. 

(i) D is a P^MD. 

(ii) D is a -k^- quasi- Priifer domain and Dp is integrally closed for all P G 
qMax*f{D). 

(iii) D is a -k^- quasi- Priifer domain and D* is integrally closed. 

Proof. The implication (i)=^(ii) was already proved just before the statement of 
Corollary Em 

(ii) ^(iii) This follows from [13 Theorem 52] because D* ^ r\{Dp \ P e 
QMax*^ (D)} and each Dp is integrally closed, by assumption. 

(iii) =^(i) Let l : D ^ D* be the canonical embedding and set * :— (★),, (thus 
E* = for aU E e F{D*) (C F{D)). Then Na(L>,*J = l<ia.{D,l<) = l>ia.{D*,*) 
[Ml Corollary 3.5]. On the other hand Na(Z3*, *) is integrally closed, because D* is 
integrally closed by assumption, and Na(-D,*^) is quasi-Priifer domain by Theorem 
2.17 ((1*^.) ^ (^*/))- Putting these two pieces of information together we deduce 
that Na(D,7^^) is a Priifer domain and thus D is a P*j,MD (or, a PtItMD) by ^2U1 
Theorem 3.1]. □ 

The following corollary follows immediately from Theorem 12.161 ((1*^.) ^ (6?)) 
and from [SO] Proposition 3.4]. 

Corollary 2.18. (cf. 59, Theorem 4.2]) Let D he an integral domain with quotient 
field K . Set D — (D)"'" and let T : D ^ D be the canonical embedding. The 
following statements are equivalent: 
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(i) D is a UMtD- domain. 

(ii) Dis a P{wd)tMD. 

(iii) D is a Pv^MD and (wd)-^ = — ^3' 

We have already mentioned in Remark 11.21 (d) the interesting open problem 
of establishing whether the integral closure of a UMt-domain is a PvMD. For a 
negative answer to this problem we need examples of integral domains D such that 
the integral closure D is not t-linked to D (Remark 11.21 (a)). This is not an easy 
task, even in a general situation. Note that the integral closure D is i-linked to 

if D is one-dimensional [12, Corollary 2.7] or if D is quasi-coherent (e.g., D is 
Noetherian) [TU Corollary 2.14 (a)]. A first class of examples of integral domains 
of dimension > 3 such that the integral closure D is not t-linked to D was given 
in [131 Example 4.1]. The 2-dimensional case was left open in that paper. A first 
example in dimension two was given by Dumitrescu ,l4j, using the A + A"i?[X] 
constructions. We give next another example of this type. 

Example 2.19. A quasi-local strong Mori nan Noetherian 2-dimensional UMt- 
domain D such that D is not t-linked to D but still D is a PvjyMD. 

For this purpose we use a construction due to Heinzer, Ohm and Pendleton [351 
Example 2.10]. Let if be a field, X,Y indeterminates over K, let V be the X-adic 
valuation ring of A" i.e. V := K{Y)[X]i^x), and let Mx := XK{Y)[X](^x) be 
the maximal ideal of V (hence V = K{Y) + Mx). Also, let Di := K[X,Y](^x,y), 
Ml := {X,Y)K[X,Y]^x,Y)^ KiY -f f ) C K{Y) and set T := kr + Mx, 

and D := T Di. Note that if we consider the KruU overring R := Di[l/X] = 
r\{Dip^ I Pi ^ {Mx n Di) with Pi height 1 prime ideal of of D (and of Di) 
PSI Corollary 1.5 and Proposition 3.15], then we also have D = R Ci T (and 
(Di =Rr]V). 

(a) T is a 1-dimensional Noetherian pseudo-valuation domain (or, PVD) with 
maximal ideal Mx and associate valuation overring V. Moreover the inte- 
gral closure T of T coincides with V. 

Note that kx ^ K{Y) is a finite extension, since F is a root of the polynomial 
Z'^ — ((y^ -I- 1)/Y) Z -\- 1 in the indeterminate Z with coefficients in kr. The 
conclusion follows from [331 Theorem 3.1 and Corollary 3.4]. 

(b) Let Q := Mx n D = XK[X,Y](^x,y) ^ Mx n Di. Then DiCV ^ {Di)q 
and that D and Di have a common prime ideal, i.e., Q. In particular, the 
map Hi 1-^ H := Hi n D establishes a 1-1 correspondence betweeen the 
prime ideals of Di not containing Q and the prime ideal of D not containing 
Q and, moreover, Dh — {Di)hi. For the remaining localization of D at 
the prime Q, we have Dq = T C. [Di)q. 

After remarking that Q is a common ideal of D and Di, the first part follows 
from the general properties of the pullback diagrams [T71 Claim (c) in the proof of 
Theorem 1.4]. The last statement is proved in [351 Lemma, page 152]. 

(c) D is a quasi-local domain with maximal ideal Af := Mi nD, with complete 
integral closure equal to Di and dim(£') — 2. 

The first part of the statement is proved in [351 Example 2.10, page 152]. The 
reamining part follows from the fact that D and Di have Q as common ideal [27l 
Lemma 26.5] and from the fact that dim(Di) = 2. 

(d) £) is a strong Mori domain with dim* (I?) = 1, 
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Let Ai {Pi G _Di | Pi is a height 1 prime ideal of Di, Pi ^ Q} (resp., A :— 
{P G Z? I P is a height 1 prime ideal oi D, P Q})- From (b) and from the pre- 
sentations D = {f]{Dp I PeA})nDQ = if]{Dip^ I Pi G Ai}) nZ^Q = (ni^iPi I 
Pi G Ai}) n P c ir\{Dip^ I Pi G Ai}) nv = (ni-Dip, I Pi G Ai}) n Diq = Di 
we deduce that is a Mori domain (in particular, t = [H Construction 4.1 and 
Theorem 4.3] . Obviously, all the height 1 prime ideals of D are t-ideals oi D, but the 
maximal ideal M is not a i-ideal (or a w-ideal) of D 4, Theorem 4.3 (f)]. Henceforth 
dim*(P)) = 1 and Max*(P') = {P G Spec(P») | ht(P) = 1}. Furthermore, note that 
Dp is Noethcrian for all P G Max*(P)) and each nonzero element of D lies in only 
finitely many maximal t-ideals of D (because this property holds in Di) 4, Theorem 
4.3 (a)]. Therefore, by [STl Theorem 1.9], D is a strong-Mori domain (i.e., D verifies 
the acc on the w-ideals [60|) and, clearly, D = C\{Dp \ P G Max*(£))} = £)"'. 

(e) Z? is a UMt-domain. 

By (d) dim*(P)) = 1, then Z? is a UMi-domain by [7, Corollary 3.2 ((6)=»(1))]. 

(f) The integral closure D oi D coincides with {Wi fl W2) + Q, where Wi :— 
K[Y]^Y) and W2 := Therefore D C Di, D/Q = H^i n is a 
semi-quasi- local FID with two maximal ideals and Di/Q = Wi. 

The first part of the statement is proved in [35l Example 2.10, page 152]. The 
remaining part is an easy consequence of the first part [47l Theorem 107]. 
The following three statements are immediate consequences of (f). 

(g) D is semi-quasi-local with two maximal Afi and M2 such that Mi D D = 
M2 n Z) = AZ and ht(Mi) = ht(M2) = 2. Moreover, Dj^JQDjj^ = Wi 

(h) The only prime ideals of D containing X (i.e., the prime ideal Q — XDi) 
are Mi, M2 and, obviously, Q. 

(i) D and D have a common prime ideal Q, then -as in point (b)~ the map 
H 1-^ H := H n D establishes a 1-1 correspondence betweeen the prime 
ideals of D not containing Q and the prime ideal of D not containing Q 
and, moreover, Dh = Djj. Furthermore, as a consequence of (a) and (b), 

= V. _ 
(j) D C (P))'"" = Pi. Therefore D is not Minked to D (Lemma [2l]((i)^(v))) 
and D is not Noetherian. 

As already remarked in [351 Example 2.10, page 152], we have {D)^° = f^{D ■ 
Dp \ P e Max*(P)} = Do\Q n {r\{DD\p \ P & A}) = V n (ni-DiPi I A G 
Ai}) ^ V n R ^ Di (cf. also 7, Theorems 1.3 and 3.1]). The claim that D is not 
Noetherian is a consequence of the fact that D ^ Di and that, by (c). Pi is the 
complete integral closure of D. 

Set A := WiH W2, B := Wi, and let rrii, xriz be the maximal ideals of A, with 
Aiti = Wi and Am^ = W2 (cf. (f)). By the previous considerations, we have the 
following puUback diagrams of canonical homomorphisms: 
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D > D/Q 

1 _1 

D > D/Q = A 

1 1 1 

Di^{Q: Q) > Dx/Q B 

(k) U is a Vv^MD. 

We claim that for each prime t-ideal p of A either Ap is a valuation domain and 
Ba\p is a field or there exists a finitely generated ideal f of A, f C p such that 
(A : f) n Ap = A. As a matter of fact, by (f), A is a PID with Max(yl) = {trii, m^}, 
then the set of prime i- ideals of A coincides with Max(A). Clearly, A^, = W2 
and -BA\mj = (W^i)yi\mi quotient field of B (and of A). On the other hand 

A^^ ^Wi^ Bji\^^, but if TTii = ttA, then (A : ttA) n A^a = tt^M n A^a = A 
since AHttAt^a — t^^- Now the statement follows from 41, Theorems 4.8 and 5.2]. 

Remark 2.20. (a) With the notation of Theorem [TTCl let D ^D, D ^ D and 

D ^ D he the canonical embeddings and soT — j oT. Note that the statement (65:) 
is equivalent to each of the following: 

{6'^) D is a PvjjMD and = = tj^. 

(6j) D is a P(i)jMD. 

(6~) TJ is a P{v^y MD and ^w^^t^. 

The equivalence (65) <^ (6';f) follows immediately from [201 Proposition 3.4], 
since (*)~ is a (semi)star operation on D. 
(6j) ^ (6^) Set 

A/-* = {g e ^[X] 1 5 ^ and cz5(.g)* ^ D* = D}, 

W := AA(*)^ = {ee DiX] 1 ^ ^ and c-^{e)^*^^ = D^^^ ^ D}, 

M J\f(*)^ = {he D[X] 1 /i 7^ and c^{h)^*^~^ = D}. 

Clearly A/"* C AT C A/", in particular, 'D[X]j^~, C I?[X]jv' C i3[X]^ . On the 
other hand, Na(U, (★)-) = 'D[X]jj- and Na(5, (★)!) = 5[X]j^ . RecaU that in the 
proof (6^) ^ (10^^.) of Theorem we have shown that 'D[X]j^-i = -D[X]^ . 

Therefore, in particular, Na(£', (i)-) = Na(D, Henceforth, if (6;f) holds then 

Na(l3, (*)-) (= Na(D, (★)r)) is a Priifer domain and so U is a P(*)-MD ^ Theorem 
3.1 (_i)^(iii))]. 

(6y) (6?) By assumption and by [201 Theorem 3.1 (i)<^(ih))] Na(D, (*)-) is a 
Priifer domain and then obviously each overring of Na(D, (?)r) is a Priifer domain. 
In particular Na(Z3, is a Priifer domain and thus (6j) holds again by [20l 
Theorem 3.1 (i)<^(iu))]. 

(E'z) ^ (6j) Note that, for each E e we have: 

^E* ^ n^^^^ I P ^ QMax^(L>)} = = . 

Therefore (★)■;: — Henceforth it is straightforward that (6';f) =^ {&%) after 

recalling that {{vj^y)^ — {tf^y. Conversely, if (6;^) holds, we know already that 
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^w^^t^ (by the fact that (6^) ^ (6'?)) and that (*)r = ((*)r)^ = {t^y = 

(b) Let D be a ★^.-quasi Priifer domain. If D is t-hnked to {D,-k) then Z? is a 
PuijMD, since in this case D — D (Lemma 12.91 and Theorem 12. 161) . On the other 
hand, if D is not t-hnked to (-D,*), then 13 is a P(*).^MD (by (a)) and, since in 
this case (*)^ is not a (semi)star operation on D, we may not deduce that D is 
a Pu-jjMD. However, in the previous Example I2.19i even if D is not i-Hnked to 
{D,t]j), we do have that D is a Pw-g-MD because for H 6 Max*^(I3) such that 
H ^ QMa,x^^"^~{D) we still have that D-^ is a valuation domain. 

(c) Note that, if we replace *, with ★ in the conditions (4* ), (8*,), (9* )(10* ) 
and (14*^) stated in Theorem 12. 161 we obtain: 

(4*) D Q K is a -k-primitive extension. 

(8*) Every prime ideal o/Na(D,*) is extended from D. 

{9i,) Na(D,*) is a quasi-Priifer domain. 

(10*) The integral closure o/Na(-D,*) is a Priifer domain. 

(14^,) D is a t- quasi- Priifer domain (or a UMt-domain) and Ik = w. 

It is trivial from the definitions that the previous conditions coincide with the anal- 
ogous conditions stated for *^ in Theorem \2.1(A 

A natural question arises from this observation: is it possible to find suitable 
characterizations of the ★-quasi-Priifer domains, by "weakening" the remaining con- 
ditions in Theorem 12. 161 ? 

(d) Recall that Houston and ZafruUah have recently introduced the UMv- domains, 
i.e., the integral domains D, such that each upper to zero is a maximal w^[x]"ideal 
of -D[^]. It is known that UMw-domains are characterized by the fact that, for 
each upper to zero P, CoiPY" = D and ((P : P) D[X] C p-^ 031 Theorem 
2.2]. On the other hand, if Z) is a UMw-domain and if P is a u/j-prime ideal of 
£), then the integral closure of Dp is a Priifer domain 43, Theorem 3.6], i.e.. Dp 
is a quasi-Priifer domain by Theorem 11.11 ((1)<^(6)). Therefore, by Lemma l2.ll 
((iv)=>(i)), a UMz)-domain is a w-quasi-Priifer domain. 

Note also that a UMw-domain is not necessarily a t-quasi-Priifer domain (= 
UMt-domain). To see this, let 13 be a w-domain (i.e., an integral domain such that 
each nonzero finitely generated ideal is u-invertible [271 Theorem 34.6]) which is not 
a PwMD (cf. Exercise 5, page 425] and also [8l §3], [36] and [37]). A ring of this 
type must admit an upper to zero which is a maximal w-ideal but not a maximal 
t-ideal, since it is an integrally closed UMw domain which is not a UMi-domain 
(Remark [T^fd) and ^IIT, Theorem 3.3 ((1)4=^(2))]). This example also shows that 
a w-quasi-Priifer domain need not be a -quasi-Priifer domain (cf. Example 2.2). 
Question: Is it possible to find a w-quasi-Priifer domain which is not a UMw- 
domain ? 

(e) Houston and ZafruUah [43] Proposition 4.6] proved that 13 is a UMi-domain 
if and only if each upper to zero of the form {aX + h)K[X] nl3[Ar], where a, 5 S 
Z3, is a maximal i-ideal of -D[Ar] or, equivalently, each upper to zero of the form 
{aX + 6)X[X] n -D[Ar], where a,b ^ D, contains a nonzero polynomial g with 
coigY = 13 [13 Theorem 1.4]. 

A similar characterization holds for Tk-^ -quasi-Priifer domains. More precisely, 
given a semistar operation ★ on an integral domain D, the following are equivalent: 
(1* ) D is a -k^- quasi- Priifer domain. 



22 



G. W. CHANG AND M. FONTANA 



(2^ ) Each upper to zero in D[X] of the form {aX + 5)X[X] n contains a 

nonzero polynomial g with C]j{g)* — D* . 
(2^ ) For each nonzero h G there exists =^ g Cz hK[X] fl with 

CD{gY = D\ 

(1*^ ) {2'^^ ) By using the equivalence (1+^ ) ^ (4*^ ) of Theorem 12.161 and the 
previous point (a), it is enough to show that Q := {aX + h)K[X] n D[X] contains 
a nonzero polynomial g with C£i{g)* = D* if and only if m = — - is Tk-primitivc over 
D. 

For the "only if" part, let ^ g G Q such that C£i{g)* = D* . Clearly g = {aX + 
h)h, for some h G Then g{u) = (a (— ^) + b) h{u) = 0, thus u is ★-primitive 

over D. For the "if" part, suppose that u {— is ★-primitive over D. Then 
there exists a nonzero polynomial g G D[X] such that co{gY = D and g{u) = 0. 
Therefore in K[X] we have g = {aX + b)h + r, where h G K[X] and r is a constant 
in K. Since g{u) = 0, we have r = 0, and thus g e Q = {aX + b)K[X] n D[X]. 

The implication (2^^ ) (2^^ ) is obvious. 

(2*^) ^ Let hK[X] = ^1^2 • ..enK[X], where I, G D[X] is irreducible in 
if [X], for 1 < i < n. Since Qi := £iK[X] n D[X] is an upper to zero, then we can 
find ^ .g,: G such that coigi)* = D* . Then g := ^152 ■ ■ ■ gn e hK[X] n D[X] 
and it is not difficult to see that cnig)* = D*. 

(f) Note that, from the equivalence (1*^) ^ (6*) in Theorem 12.161 (or, from 
Corollarv l2.17p . we deduce that if ★ is a (semi)star operation on D, then D is an 
integrally closed ★^.-quasi-Priifer domain if and only if D is a P-*:MD (or, equivalently, 
a P*MD). This result generalizes the statement on PwMDs recalled in Remark ll.2l 
(d). 

Corollary 2.21. With the notation of Theorem \2.1b\ we have that (1*^) is equiv- 
alent to 

(12^^) Each t-linked overring R to (D,*^) is a tji- quasi- Priifer domain and each 

{-k) ^-maximal ideal of R is a tu-ideal, where u : D ^ R is the canonical 
embedding. 

Proof. (U^) =i> ^^^"^ ^^^^ proof (1*^,) => (12^^) of the previous 

Theorem 12.161 , we deduce, without assuming that * is a (semi)star operation on 
Z), that i? is a (*)t-quasi-Priifer domain. Henceforth R is also a ifl-quasi-Priifer 
domain since (★)t is a (semi)star operation of finite type on R. Now applying the 
implication (1*^,) =^ *° ^ ^"^^ ^'^ ^^^^ (semi)star operation (★)t, since R is 

trivially i- linked to (i?, (*)t), we have in particular that each (★)t-maximal ideal of 
i? is a f/j-ideal. 

(12; ) ^ (lU^) If P G QMax*/(i:)) = QMax*(i:i), then clearly {Dpf = 

C\{DpDm I M G QMax*/ (£»)} Dp and so Dp is Minked to (D,*^) (Lemma 
((v)=>(i))). Therefore, by assumption. Dp is a t£)j,-quasi-Priifer domain. More- 
over, clearly PDp is a maximal (*)t-ideal of Dp and so it is a t/jp-ideal of Dp. 
Then Dp is a quasi-Priifer domain by Corollarv ll.3l ((13)^(1)). □ 

Corollary 2.22. If D is a i^^- quasi-Priifer domain, then 

(a) If P is a nonzero prime ideal of D and if P*f ^ D* (e.g., if P is a quasi- 
-k^ -prime ideal of D ), then P = P*f = P* . 
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(b) dim*(L») = dim*/ (£>) ^ dim*(D) = dini*(Na(D, ★)) ^ dim(Na(i:',*)). 

Proof, (a) It suffices to show that P is a i-ideal. Let Q be a quasi-*j, -maximal ideal 
of D containing P. Then Dq is a quasi-Priifer domain (Theorem 12.161 ((1*^,) ^ 
(11^^))), and since PDq is a proper prime ideal of Dq, PDq is a prime t-ideal in 
Dq f Corollary [Oil , and hence P = PDq n D, is a Mdeal of D gl Lemma 3.17 
(I)]. 

(b) Note that dim*/ (£>) = dim*(D) by (1) and dim*(Na(L», t^)) dim(Na(i:i, ★)) 
by Corollary[r3]andTheorem[2l6]((l^^) =^ (9*^.))- RecahthatM e Max(Na.{D,*)) 
if and only if M n £> G QMax*/ (£>) [Ml Proposition 3.1 (5)]. Since each prime 
ideal of Na(Z?,*) is extended from D (Theorem 12.161 ((1*^.) ^ (8*^.))), we have 
dim*/ (Z?) = dim(Na(£', *)). The first equality follows from the fact that the no- 
tions of ★j, -quasi-Priifer domain and ★-quasi-Priifer domain coincide (Corollarv l2.4l 
(c)) and from the fact that Na(D,?) = Na(D,*^) ^ Na.{D,ir). □ 

It is well known that if M is a maximal <-idcal of then either MOD = (0) 

or M = {M n D)[X] [H Proposition 1.1] and / is a Wdeal of D if and only if I[X] 
is a Mdeal of D[X] [46l Corollary 2.3]. Thus dim*(D) < diin{D[X]) < 2dim*(i:))) 
(cf. also [Ml page 169] and [57l Section 3]). 

Recall that Kang proved that if Z) is a PvMD then diTa{D) = dim(Na(L', v)) [H 
Theorem 3.22]. The following corollary extends Kang's result to the UMi-domains. 

Corollary 2.23. Let D be a UMt-domain which is not a field and let X be an inde- 
terminate over D. Then dim'"(D) — dim*(£') = dim*(Z3[X]) = dim*(Na(Z), w)) = 
dim(Na(£i,'y)). 

Proof. As we already remarked in general dim'(D) < dim* (13 [X]). Let Q be a max- 
imaH-ideal of ^[X]. If QnD = (0), then obviously ht(Q) = 1 < dim(Na(£), w)). If 
QnD^ (0), then Q = {Qr]D)[X] and hence QnW^ = 0. Therefore QNa(D,u) ^ 
Na(D,w) and so ht(Q) < dim(Na,{D,v)), hence dim*(D[X]) < dim(Na(i:i, -y)). The 
conclusion follows easily from Corollary 12.221 (b) . □ 

Remark 2.24. (a) Note that, for a UMi-domain, Wang [551 Theorem 2.6] proved 
already the equality dim'"(D) = dim(Na(D, v)). 

(b) It is clear that, in general, dim'(£') < dim'^'(£'), since each i-ideal is also 
a w-ideal and it is easy to see that (in the non UMt-domain case) it can happen 
that dim*(D) ^ dim'"(£'). For instance, let i? be a quasi-local factorial domain 
of dimension 3 with maximal ideal M. Set F :— R/M and let : R F he the 
canonical homomorphism. Assume that fc is a proper subfield of F , set D := tfi~^{k) 
and let Q is a prime ideal of D and R such that ht(Q) = 2. Clearly, since i? is a 
UFD and M = {D : R), then M = M'"^ = M""^ C Af'"« = M*« = A/"« = R and 
Q = Q'^o C Q*« = Q""^ = R (note that Q = Q""", since Max'"" {D) = Max(D) 
and so wd coincides with the identity (semi)star operation on D). Let 7 C Q be 
a nonzero finitely generated ideal of D with {R : {R : I)) ^ {R : {R : IR)) — R 
or, equivalently, {R : I) = R. Hence {D : I) C {R : I) = R ^ (M : M) = {D : 
M) C{D : I) and so [D : I) ^ R. Therefore I"" ^ {D : {D : I)) = (D : R) = M 
and so M = C Q*" C M. Henceforth Q*" = M. Therefore we have 
dim*(D) = 2 < dim{D) = diin'"{D) = 3. 

(c) It is well known that an integral domain D is Priifer domain (resp., PwMD), 
if and only if each nonzero two generated ideal of D is invertible (resp., t-invertible) 
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[7fl Theorem 22.1] (resp., [151 Lemma 1.7]). In case * is a star operation of finite 
type, it is known that D is P*MD if and only if each (nonzero) two generated 
ideal of D is *-invertible PU', Theorem 1.1]. It is natural to ask whether a similar 
result holds in the semistar setting. Let ★ be a semistar operation on an integral 
domain D. Recall that, in [25l Theorem 2.3], it is shown that for / G f{D), I is 
★j,-invertible if and only if IDq is principal, for each P G QMax*^ (D). Moreover, it 
is well known that, for a local domain, the following properties are equivalent [271 
Theorem 22.1]: 

(i) Every nonzero finitely generated ideal is principal; 

(ii) Every two generated is principal; 

(iii) i? is a valuation domain. 

On the other hand, D is a P*MD if and only if Dp is a valuation domain, for each 
P e QMax*/ (D) [20l Theorem 3.1]. Therefore, by the previous considerations it 
follows that D is a P-kMD if and only if each (nonzero) two generated ideal of D is 
-k f-invertihle. 
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